ontrol of periodic movements, such as gait, is facilitated by exploiting the undriven dynamics of the skeletal system; when a limb is moved at (or close to) its eigenfrequency, the mechanical oscillator may take care of (part of) the control problem (e.g., McGeer, 1993; Taga, Yamaguchi, & Shimizu, 1991; Van der Linde, 1999) . Assuming that movement coordination builds on the undriven dynamics, one way researchers can gain insight into movement coordination is through perturbation of the undriven dynamics of the mechanical system. Limb mass, a parameter that affects the mechanical behavior of the limb, lends itself easily to experimental manipulation. In this study, we use the term mass perturbation for situations in which mass is semipermanently attached to a body segment; thus, wearing heavy boots is a real-world example of a mass perturbation. In studies on prosthetic design (for a review, see Selles, Bussmann, Wagenaar, & Stam, 1999) , investigators have used mass perturbations to influence the undriven oscillatory dynamics of the mass-perturbed limb and, therefore, the walking pattern. A key issue in several prosthetic design studies has been to identify the inertial properties of the prosthesis that allow the swing phase in gait to be nearly passive. In coordination dynamics studies (e.g., Jeka & Kelso, 1995) , investigators have perturbed mass so that they could examine how the resulting changes in the undriven oscillation frequencies affect the coordination between mechanically independent limbs.
Even for the simplest conceivable case, that is, for a single undriven rigid limb segment rotating about a fixed axis in the absence of damping, it is not immediately clear how the magnitude and location of the added mass affect the oscillatory dynamics. On the one hand, adding mass increases the gravitational stiffness, defined as the change in gravitational torque per change in joint angle. By itself, that increase in gravitational stiffness tends to increase the undriven oscillation frequency. At the same time, however, adding mass increases the moment of inertia of the limb (relative to the joint axis), which by itself tends to decrease the undriven oscillation frequency. In this article, we analyze the net result of those opposed effects of mass perturbation. In particular, we analyze the effects of magnitude and location of added mass on the small-amplitude dynamics of a limb segment, in terms of its effect on the parameters of the linearized system: the undamped and damped eigenfrequencies, the relative damping, and the low-frequency control gain. In addition, we assess the applicability of the results to the large-amplitude case. The results may help researchers to base mass perturbations on sound mechanical grounds in future studies.
Method

Nonlinear Equation of Motion
Our analysis is restricted to a system that comprises a single rigid limb segment rotating around a fixed pivot point p in a two-dimensional vertical plane. Most of the segment parameters are defined in Figure 1 . The moment of inertia of the unperturbed segment is described by its radius of gyration R gyr relative to p (where, by definition, the unperturbed moment of inertia relative to p equals m·R 2 gyr ). The forces and net torques acting on that segment are also shown in Figure 1 . The rotational effect of the force of gravity is represented by T G , the gravitational torque relative to the pivot point p. The net joint torque T p represents the net mechanical effect of both the passive (e.g., ligaments) and the active (i.e., muscles) structures that may produce torques relative to the joint axis. Thus, T p is assumed to be a function of angle, angular velocity (capturing the viscoelastic part of the torque produced by both passive and active structures), and an independent input T act (which captures the active part of the muscle torque that results from the neural drive to the muscles). For a segment perturbed by a mass ∆m at distance R from the pivot point, the rotational equation of motion relative to p is
where (taking g positive)
and
One can obtain the equation of motion for the unperturbed segment by setting ∆m = 0. In the absence of damping and driving (i.e., when T p = 0), the dynamics of this nonlinear second-order system is completely understood (e.g., Strogatz, 1994 ). Yet, because of the nonlinearity of Equation 1, an analytical derivation of the effect of ∆m and R is impossible in the more general case (T p ≠ 0). Therefore, in the present article we assess the effect of mass perturbation in the context of linearizations of Equation 1 , that is, for small-amplitude oscillations about a linearization point.
Linearized Equation of Motion
Linearization (first-order Taylor approximation) of Equation 1 about any point ϕ = ϕ # ,φ = φ # ,T act = T # act yields an instantiation of the following equation:
For any of the variables var involved, ∆var in that equation refers to the change in var relative to the linearization point. We define the joint rotational stiffness K T p = -∂T p /∂ϕ and the joint rotational damping B T p = -∂T p /∂φ to simplify notation, so that K T p and B T p capture the elastic and viscous contribution of both passive structures and muscles to T p . Using those definitions, and after working out the term concerning the gravitational torque T G (cf. Equation 2a), we obtain the following after some rearrangement:
To characterize the linearized system in terms of standard parameters, we relate Equation 4 (see Results section) to the following standard form for the equation of motion of a linear second-order ordinary differential equation: (5) Here, k act is the low-frequency control gain-the steady state value of ∆ϕ for a unity value in the input ∆T act . β is the relative damping: β = 0 indicates an undamped system, A. J. van Soest, C. E. Peper, & R. W. Selles FIGURE 1. Left. The parameters used to describe the segment and the mass perturbation. Point p is the pivot point, R cm is the distance from p to the segment mass center, m is the segment mass; R is the distance from p to the added point mass, and ∆m is the magnitude of the added mass. Right. The forces and torques acting on the segment; note that the joint reaction forces do not appear in Equation 1 because point p was used as the point of rotation.
( )
. ∆ ∆ β = 1 indicates critical damping, and β > 1 indicates that the system does not oscillate. Last, ω 0 is the undamped eigenfrequency-the angular frequency of the sinusoidal oscillations that occur in the absence of input and when β = 0. The directly observable oscillation frequency ω n of the damped system, which is also referred to as the damped eigenfrequency, is a function of ω 0 and β: ω n = (1 -β 2 ) 0.5 · ω 0 .
Results
Effect of Mass Perturbation on Linear System Parameters: Small-Amplitude Case
One can find the linear system's parameters as a function of ∆m and R by relating Equation 4 to Equation 5, with the following result:
represents the gravitational stiffness, for which we use the symbol K G in Equations 7 and 8. Inspection of Equations 7 and 8 reveals that both relative damping and low-frequency control gain become smaller for any mass addition ∆m at any location R. The effect of mass addition on the undamped eigenfrequency ω 0 (Equation 6) is less straightforward. The presence of a linear term in R in the numerator and a quadratic term in R in the denominator indicates that a value of R must exist for which ω 0 = ω 0,ref , irrespective of the value of ∆m. That value of R, which we refer to as R 0 , can be interpreted as the length of a point mass pendulum for which ω 0 is equal to that of the unperturbed body segment. An expression for R 0 is easily found: Similarly, the equations that express the effect of ∆m and R on β and k act relative to the reference values of those parameters can be found: , the effect of ∆m and R on ω 0 , β, and k act of the lower leg + foot segment as predicted from Equations 6-8 is illustrated in Figure 2 . In addition, the effect on the damped eigenfrequency ω n (which depends on ω 0 and β; see Method) is presented.
Large-Amplitude Oscillation
A direct comparison between the linear small-amplitude case just discussed and the nonlinear large-amplitude case is complicated by the fact that the standard parameters for the linear system have no straightforward counterparts in the nonlinear system. In fact, the only parameters that can be compared are the oscillation frequencies of the undamped and damped systems. To investigate the effect of 
That is, we took into account the nonlinearity in the gravitational torque, whereas we assumed that the joint torque depended linearly on joint angle and angular velocity. We obtained particular solutions of that equation of motion through simulation for a range of oscillation amplitudes (i.e., a range of initial deflections) for a 1-kg mass perturbation at variable R. Damped oscillation frequencies as determined from the simulation results are presented in Figure 3 .
Discussion
Using linear approximations, we analyzed the effect of mass perturbation on the parameters of a body segment rotating about a fixed pivot point under the influence of gravity. We found that the relative damping and the low-frequency control gain are reduced by mass addition (see Figures 2B and 2C) . The gain reduction implies that equilibrium (i.e., ∆φ = ∆φ = 0 at any ∆ϕ) requires a larger net joint torque in the presence of added mass. The reduction of the relative damping implies that more oscillations will take place during relaxation. That implication can be understood from the fact that the same mechanical joint rotational damping B Tp now acts on a segment with increased total FIGURE 3. Effect of oscillation amplitude (initial deflection of the lower leg+foot segment) on the relation between distance R and the damped oscillation frequency f n , for an added mass of 1 kg, as estimated from simulation of Equation 13. To allow for easy comparison with Figure 2D , we plotted 2π · f n rather than f n itself. Dashed curve is for the linearized model (i.e., initial deflection ϕ max ≈ 0). Solid curves are for initial deflections ϕ max of π/12, 2π/12, 3π/12, 4π/12, 5π/12, and 6π/12 rad. [rad/s] stiffness (i.e., the coefficient of ∆ϕ in Equation 4) and total inertia (i.e., the coefficient of ∆φ in Equation 4).
The most interesting result concerns the effect of mass addition on the undamped eigenfrequency ω 0 . Mass addition at a distance R 0 from the pivot point (R 0 being the length of a point mass pendulum for which ω 0 is equal to that of the unperturbed body segment; see Equation 9), is found not to affect ω 0 . That finding reflects the basic fact that ω 0 of a point mass pendulum is independent of mass magnitude, which implies that adding mass to a body segment at a distance from the pivot point that is equal to the length of the equivalent point mass pendulum does not affect ω 0 . All in all, the relation between R and ω 0 is found to be nonmonotonous (see Figure 2A ): When mass is added between the pivot point and R 0 , ω 0 increases; for mass addition beyond R 0 , ω 0 decreases. Qualitatively, those nonmonotonic changes in ω 0 (see Figure 2A) can be readily appreciated from the fact that for any second-order mechanical system (cf. Equations 4-5), ω 0 is determined by the ratio of the effective stiffness (i.e., the coefficient of ∆ϕ in Equation 4) over the effective inertia (i.e., the coefficient of ∆φ in Equation 4). The contribution of mass addition to the stiffness is linearly related to R, whereas its contribution to inertia is quadratically related to R (see Equation 6 ). As a result, the increase in stiffness dominates at 0 < R < R 0 , resulting in an increased ω 0 . In contrast, the increase in inertia dominates at R > R 0 , resulting in a decreased ω 0 . Finally, the effect of mass addition on ω n , the damped eigenfrequency, can be reconstructed from the effects on both ω 0 and β; given the fact that β was found to be very low during passive swinging (β ref = 0.08), it is not surprising that the results for ω n were almost indistinguishable from those for ω 0 (cf. Figures 2A and D) . It should be kept in mind, however, that for an oscillating system with substantial damping (i.e., 0.5 < β < 1), the results for ω n will deviate from those for ω 0 (data not shown).
In passing, we would like to point out that the equations pertaining to the linearized system are more generally applicable than has been shown so far. First of all, Equations 10-12 are completely valid when linearization is performed around an equilibrium at any angle ϕ ≠ 0. Second, those equations are valid when the pivot point is not fixed in space, as long as its kinematics is prescribed as a function of time. Finally, the system can be linearized about a trajectory, yielding a secondorder system with time varying parameters ω 0 (t), β(t), and k act (t). Those parameters formally describe the dynamical response to small perturbations of the reference trajectory, even though interpretation is difficult because of the time dependency. Again, Equations 10-12 capture the effect of mass perturbation on the values of those parameters. 1 It is well known that (and how) the oscillation frequency of an undamped undriven pendulum decreases monotonically with oscillation amplitude (Young & Freedman, 1996) . Thus, it is obvious that ω 0,ref and β ref , as obtained through linearization, would not provide an accurate prediction of the large-amplitude damped oscillation frequency (see Figure 3) . However, for the low damping case considered, the changes in the damped eigenfrequency induced by mass perturbations were virtually independent of oscillation amplitude (see Figure 3) ; in other words, when there is little damping, one can use Equations 10-11 to predict the mass-perturbation-induced change in damped oscillation frequency of large-amplitude oscillation.
In gait studies, investigators have typically added mass just proximal to the ankle joint of a normal (e.g., Donker, Mulder, Nienhuis, & Duysens, 2002; Skinner & Barrack, 1990) or prosthetic (e.g., Tashman, Hicks, & Jendrzejczyk, 1985) leg, in an attempt to decrease ω 0 . In the three mentioned studies, the authors found a negligible effect on the step frequency. The present analysis indicates that the chosen point, just proximal to the ankle, is close to R 0 of the lower leg + foot segment (see Figure 2A) . As a result, the obtained negligible effect is in agreement with our model. If substantial slowing is to be achieved, one should add mass at a distance that exceeds segment length (which may be problematic in practice).
A similar caveat applies to studies regarding the relation between eigenfrequency differences and relative phasing in the coordination between two nonhomologous limb segments. To achieve comparable eigenfrequencies between the forearm + hand and the lower leg + foot, one may decrease the eigenfrequency of the forearm + hand by means of a mass perturbation. Because the segment properties of the forearm + hand (Plagenhoef, Evans, & Abdelnour, 1983) are such that R 0 is close to the wrist joint, adding a mass close to that position (e.g., Serrien & Swinnen, 1998) will not effectuate the desired experimental manipulation. In fact, the present results suggest that it may be more practical to increase the eigenfrequency of the slower segment (i.e., lower leg + foot) by adding mass at 0 < R < R 0 than to decrease that of the faster segment (i.e., forearm + hand), which requires R > R 0 .
In conclusion, on the basis of a linearized model, we have derived equations from which the effect of mass perturbation on segment dynamics can be estimated. Furthermore, our simulation results suggest that the analytical expressions relating to the linear case are also helpful when the largeamplitude, nonlinear case is considered. As such, the analysis presented in this article may be a helpful tool in the design of future mass-perturbation studies, as exemplified in the accompanying article (Peper, Nooij, & van Soest, 2004) . substantial change in net joint torque, which may render Equations 10-12 inadequate in such situations.
